Using overlap as well as Wilson fermions, we have computed the one-loop renormalization factors of ten non-singlet operators which measure the third moment of quark momentum and helicity distributions (the lowest two having been computed in a previous paper), as well as the lowest three moments of the g 2 structure function and the lowest two non-trivial moments of the h 1 transversity structure function (plus the tensor charge). These factors are needed to extract physical observables from Monte Carlo simulations of the corresponding matrix elements.
Introduction
Overlap fermions [1] have emerged in recent years as one of the most promising formulations for simulating on the lattice theories that possess an exact chiral symmetry. The overlap-Dirac operator proposed by Neuberger [2] is one of the solutions of the Ginsparg-Wilson relation [3] 
and allows the realization of an exact chiral symmetry also at non-zero lattice spacing [4] without giving up other important symmetries. Although simulations with the Neuberger operator look computationally demanding when compared with Wilson fermions, progress is under way in simulating overlap fermions and in improving the efficiencies of their simulation algorithms [5] [6] [7] [8] .
Results of some recent simulations show remarkable evidence of the signatures of the exact chiral symmetry. For example, Ref. [7] provides strong numerical evidence that the pion mass approaches zero in the limit m 0 a → 0 without additive renormalization, in the two-dimensional Schwinger model, and progress is on the way for QCD; in Ref. [8] it is shown how the Gell-Mann-OakesRenner relation, which is a test of chiral symmetry at finite lattice spacing, is satisfied to better than 1% down to quark masses as small as m 0 a = 0.006. There is some confidence that overlap fermions will at the end turn out to be not too computationally demanding, and in any case one has to take into account all the advantages of having an exact chiral symmetry as well as the rapid progress in computer technology that is taking place these days.
In this paper we present the computation of the renormalization factors of many operators that measure moments of various structure functions, using overlap fermions. The operators that we consider include all three parton distributions that characterize the quarks in the nucleon and provide a complete description of quark momentum and spin at leading twist: the momentum distribution q(x, Q 2 ), the helicity distribution ∆q(x, Q 2 ) and the transversity distribution δq(x, Q 2 ). We also study the g 2 structure function, which receives contributions from twist-3 operators. For each one of these structure functions, we have included in our study all the moments that can be measured by operators for which all tensor indices are distinct. On the lattice with overlap fermions, all these operators are then multiplicatively renormalized.
One of the advantages of overlap fermions is that lattice renormalization does not induce any mixings with operators of the wrong chirality, as instead it happens with Wilson fermions. While this issue is of the utmost importance in lattice simulations concerning weak decays and quantities like the CP-violation parameter ǫ ′ /ǫ [9] , it is also relevant here for some of the operators that mea-sure the g 2 structure function, which for Wilson fermions mix with coefficients diverging as 1/a, while for overlap fermions they are multiplicatively renormalized (see Sect. 5). Another advantage of overlap fermions is the reduction of the number of independent renormalization factors in a given physical situation, as can be seen here with the operators measuring unpolarized and polarized structure functions which differ by a γ 5 matrix. Significant computational gains are achieved in the improvement of the action (which is not needed at all) and of the operators, as the construction of improved operators and the calculation of their renormalization constants is much simpler for overlap than for Wilson fermions (see Sect. 4). We think that this is really an important point for the operators considered in this paper, as the full O(a) improvement of DIS operators with Wilson fermions involves a significant amount of careful and cumbersome calculations.
Among the other solutions of the Ginsparg-Wilson relation, a popular one is given by domain-wall fermions, where however the decoupling of the chiral modes is achieved only in the limit in which the number of points in the fifth additional dimension goes to infinity. One of the most attractive features of overlap fermions is that, on the contrary, chiral symmetry is fully preserved for any finite volume of the lattice. As the authors of Ref. [10] state, "in practical applications, it is our present experience that it is easier to control chiral symmetry violations with Neuberger's operator".
The renormalization with overlap fermions of the lowest two moments of the quark momentum and helicity distributions has been already carried out in Ref. [11] , and we refer to that paper for the general framework and conventions, as well as for the Feynman rules of the overlap theory that we use here. We recall only that the explicit form of the overlap-Dirac operator is
where
with 0 < ρ < 2r, in terms of the usual Wilson-Dirac operator
Since the renormalization constants for many of the operators considered in this paper had not even been computed with Wilson fermions, we have calculated them for all the operators considered here with Wilson fermions too, and in this way we have also checked some old results in the literature, finding a discrepancy in one case.
This paper is organized as follows: in Sect. 2 we introduce the various operators of which we have computed the renormalization constants, in Sect. 3 their renormalization on the lattice is discussed and some details about the perturbative calculations are given, in Sect. 4 we discuss the advantages of using overlap over Wilson fermions with regard to the improvement, and in Sect. 5 we present the complete results. In the appendices we give the results for the quark self-energy, both for overlap and for Wilson fermions, and for the individual proper diagrams.
Moments of structure functions
We have considered in this paper the lowest moments of a few structure functions which give a complete description of quark momentum and spin at leading twist: the momentum distribution q(x, Q 2 ), measured by the F 1 and F 2 unpolarized structure functions, the helicity distribution ∆q(x, Q 2 ), measured by the g 1 structure function, and the transversity distribution δq(x, Q 2 ), measured by the h 1 structure function [12, 13] . We have also considered the g 2 structure function [14] , which measures the transverse spin, is chiral even and contains at leading order a twist-3 piece; it is one of the most accessible highertwist quantities. The h 1 structure function is instead chiral odd and as such does not arise in inclusive DIS and can be measured instead in polarized DrellYan processes. For some more detailed discussions of deep inelastic scattering on the lattice, see Refs. [15] [16] [17] [18] [19] [20] 11] and references therein.
The moments of the various distributions are, for a given flavor 1 , 1 We have chosen our conventions in such a way that there is a manifest symmetry between v n and a n . The operators corresponding to v n and a n have the same number of covariant derivatives, corresponding chiral properties, and the same renormalization constant for overlap fermions [11] , as well as obviously in any continuum scheme. The same convention was also used in Ref. [11] and can be found for example in [21] , but in other papers like e. g. [17, 19 ] a n has a correspondence with v n+1 . In all operators considered here the subscript n equals the number of symmetrized Lorentz indices. This means that for the operators measuring d n our convention is still the same as [17, 19] .
where C i,n , E i,n and B 1,n denote the appropriate Wilson coefficients in the OPE expansions, which can be computed in continuum perturbation theory. The moments of the helicity and transversity distributions are given by the formulae
and the axial charge is
The quark operators that correspond to the moments are
, with the following lattice discretizations:
The matrix elements of the above operators on polarized quark states are
where s µ is the polarization vector of the nucleon, with
The moments of the various distributions can be studied from first principles by performing lattice Monte Carlo simulations of the above matrix elements, which determine then the various v n , a n , d n and t n quantities. These bare numbers need however to be renormalized. Under renormalization, the quark operators corresponding to momentum and helicity distributions mix in the flavor singlet case with operators that measure the corresponding gluon distributions. We consider in this paper only flavor non-singlet operators, so that the mixing with gluon operators is forbidden. The operators corresponding to the transversity distribution however do not have any gluon mixing even in the flavor-singlet case, as there is no gluonic transversity at leading twist, i. e. no chiral-odd gluon operator can be constructed.
In a previous paper we have calculated the renormalization factors of a few operators which measure v 2 , v 3 , a 2 and a 3 [11] ; here we compute the renormalization constants of the operators
which measure the third moment of the quark momentum distribution, and
which measure the third moment of the g 1 quark helicity distribution. Together with the computations in Ref. [11] , they complete the calculation of the renormalization factors of the lowest three moments of these distributions; each continuum operator has been considered twice on the lattice by choosing its indices in two different ways, corresponding to two different representations of the hypercubic group for the same moment, which renormalize independently on the lattice.
We have computed also the renormalization constants of the operators 
mixes, due to the breaking of chirality, with a lower-dimensional operator which in the continuum OPE has a mass coefficient [14] ,
but on the lattice this mass becomes a 1/a divergent coefficient. This mixing is forbidden in the overlap case, and the O dn operators are multiplicatively renormalized. Thus the overlap makes a complete perturbative renormalization of these operators possible.
Regarding the transversity distribution h 1 , we have considered the twist-two operators that measure the tensor charge and the lowest two non-trivial moments,
The moments of the various distributions shown above are all the ones that can be associated with an operator which has all the indices different from each other. There is then no mixing due to the breaking of the Lorentz group to the hypercubic group. In fact, all the above operators are multiplicatively renormalized in the overlap case; this is true also for the particular combinations in O v 4 ,e and O v 4 ,e in which some of the indices are equal. The O dn operators are not multiplicatively renormalized when using Wilson fermions, but their mixings are in this case due only to the breaking of chiral symmetry.
All operators measuring higher moments of the above distributions necessarily have at least two equal indices. In fact, the operators which would be next in the ladder of moments have five Lorentz indices and therefore two of them have to be equal:
This leaves open the possibility of mixing with same-dimension or (more catastrophic) lower-dimension operators. We do not address here this problem, which is left for further studies.
Perturbative renormalization
The raw numbers extracted from Monte Carlo simulations need to be renormalized to physical continuum quantities. The connection is given by
are the continuum and lattice 1-loop expressions respectively, and the treelevel matrix element is the same in both cases. Their difference ∆R ij = R lat ij − R cont ij enters then in the gauge-invariant renormalization factors
which renormalize the results of Monte Carlo simulations to a continuum scheme.
We choose as continuum scheme the MS scheme, since commonly the Wilson coefficients are computed in this scheme. On the lattice the renormalization condition is that the 1-loop amputated matrix elements at a certain reference scale µ are equal to the corresponding bare tree-level quantities. For lattice matrix elements of multiplicatively renormalized operators computed between one-quark states, this condition reads
where Z ψ is the wave-function renormalization, computed from the quark selfenergy.
The 1-loop lattice matrix element of a logarithmically divergent operator O has the form
where V O is the finite contribution of the vertex and sails diagrams (a, b and c in Fig. 1 ), T O refers to the tadpole arising from the operator (d in Fig. 1 ), and S is the finite contribution (proportional to ip /) of the quark self-energy of one leg, including the leg tadpole (e and g, or f and h, in Fig. 1 ). We have also that
for the SU(N c ) gauge group. The Z O factor for the operator O is then given by
with Fig. 1 . The graphs contributing to the 1-loop renormalization factors of the matrix elements p|O|p . The operator insertion is indicated by a circle.
We will call "proper" contributions the ones that do not include the self-energy diagrams. They correspond to the diagrams a-d in Fig. 1 .
We have used computer programs to carry out the calculations of the Feynman diagrams, given their complexities and the huge number of terms that are present in some cases. They utilize an ensemble of routines written in the symbolic manipulation language FORM, and are able to do the analytic calculations; Fortran codes subsequently perform the numerical integrations. These routines are an extension of the ones used to do calculations with the Wilson action in various occasions [19, 22] and to compute the first two moments of the momentum and helicity distributions with overlap fermions [11] . Some more details can be found in Ref. [11] .
We would like to stress that one of the major checks of our calculations, which are all done in a general covariant gauge 3 , is the cancellation of the gaugedependent terms proportional to (1 − α) in the final numbers that connect the lattice to the MS scheme, as in Eq. (26 4 grid has been in these cases of the order of 500 hours on a 500 MHz CPU.
Improvement: overlap versus Wilson fermions
To highlight the advantages of overlap fermions relative to Wilson fermions, we summarize the differences in O(a) improvement using each method.
Although the overlap-Dirac action possesses an exact chiral symmetry and has no O(a) terms, matrix elements of operators do have order a corrections and therefore they need to be improved. The operators considered in this paper, 3 The gluon propagator that we use is
which are all of the form O =ψ Oψ, are made free of O(a) corrections by taking [23] 
Thus, in the overlap formulation, by rotating the spinors as in Eq. (32), operators are freed of O(a) corrections. In Ref. [22] it has been shown that this recipe improves the operators to all orders of perturbation theory. Thus, full O(a) improvement is achieved without tuning any coefficients. Furthermore, the renormalization constants for the improved and unimproved operators are the same, so there is no need to do additional calculations, which are generally cumbersome, to compute the renormalization factors in the improved theory.
What happens is that in 1-loop amplitudes a factor D N can combine with a quark propagator, but since it has an a in front and (contrary to the Wilson case) there is no 1/a piece in the propagator, as additive mass renormalization is forbidden by chiral symmetry, the contribution of D N to the renormalization factors is zero [24] . Thus, improved Monte Carlo simulations are performed with the operator (32), nevertheless the renormalization of this operator is equal to that of the corresponding unimproved operator.
For Wilson fermions, instead, the improvement of operators looks more complicated and troublesome. First of all, one has to find out a complete basis which includes all operators which are one-dimension higher than the original one and have the same symmetries. Then, to get the improved renormalization factors, which are different from the unimproved ones, one has to compute the 1-loop matrix elements of each one of those operators. Lastly, one has to determine somehow the values of the coefficients in front of the operator counterterms, and this appears to be a highly non-trivial task.
Let us consider, for example, the first moment of the quark momentum distribution, O v 2 =ψγ {µ D ν} ψ. The improvement counterterms are two dimensionfive operators [22] , and one basis for the improvement is given bȳ
The operator is fully O(a) improved only for some particular values of the coefficients c 1 (g . However, presently one knows only a relation between the two coefficients [22] , and thus one of them remains unknown. Although one could determine all coefficients using some Ward Identities or physical conditions, this involves more effort than with overlap fermions. In addition, the coefficients are different for different orders in perturbation theory, and the basis itself is different for each operator to be improved. It is reasonable to expect that operators which contain more covariant derivatives will have larger improvement bases, and thus many more coefficients to be determined, besides computing the 1-loop matrix elements for each of the operator counterterms. Presumably already implementing the improvement for the second moment operators with Wilson fermions will turn out to be a daunting task. This means that in most cases it will be difficult to go beyond tree-level improvement for the structure function operators in the Wilson case.
In addition to improving operators, one should also note that Wilson fermions need corrections to their action (the Sheikholeslami-Wohlert term), while the overlap action is already O(a) improved. However, this is less of a complication than the improvement of the operators.
Thus, for all these reasons, from the perspective of renormalization, mixing, and improvement, overlap fermions offer compelling advantages relative to Wilson fermions.
Results
We give in this section the results for the renormalization factors of every operator considered in this paper, both for the overlap and the Wilson action, for r = 1.
In the overlap case, we have explicitly verified that the renormalization constants of O a 4 ,d and O a 4 ,e are equal to the ones of O v 4 ,d and O v 4 ,e respectively, which are given below. This is a consequence of the exact chiral symmetry which the overlap theory possesses. Another important gain coming from chiral symmetry is that the operators O d 1 , O d 2 and O d 3 are multiplicatively renormalized, while for Wilson fermions the breaking of chiral symmetry causes a mixing with operators of lower dimensions, with the mixing coefficients going to infinity in the continuum limit.
Overlap fermions
We first consider the 1-loop contributions of the proper diagrams (a-d in Fig. 1 ), which are
0. Table 1 The Feynman-gauge constants V α=1 O for the momentum, helicity and transversity operators considered in this work, in the overlap theory. Note that in this case Table 2 The operator tadpoles for the various operators, where Z 0 = 0.154933390231 · · · and
The Feynman gauge results V α=1 O for the contributions of the sails and vertices, V O , are tabulated in Table 1 for several values of the parameter ρ. They are also given separately for each diagram in Appendix B (for ρ = 1). The remaining parts proportional to (1 − α) are instead independent of ρ, and as their analytic expressions are very complicated functions of ρ containing thousands of terms, the numerical cancellation of this dependence is a highly non-trivial check of our computations. Furthermore, the parts proportional to (1 − α) have also the same value as with the Wilson action [11] . In fact they depend only on the gluonic action chosen.
The result for the tensor charge O t 1 =ψσ µν γ 5 ψ turns out to be equal to the result for the standard tensor currentψσ µν ψ, which has been calculated in Ref. [24] in Feynman gauge and in Ref. [9] in a general covariant gauge. For Wilson fermions, the renormalization of O t 1 can be found in [22] .
The results for the remaining proper diagram, the operator tadpole T O (diagram d in Fig. 1 ), are shown in Table 2 . To compute the renormalization factors, one finally adds to the proper diagrams the 1-loop amplitudes of the self-energy and tadpole of one leg which are proportional to ip /. Their values are given in Appendix A. Putting everything together, we get the expressions of the renormalized operators on the lattice for overlap fermions, which for ρ = 1 are: Another check of our calculations is that the transversity operators, which apart from the trivial tensor charge have never been computed before on the lattice, agree with the 1-loop anomalous dimension formula [13] 
which also implies that the anomalous dimensions are positive and for any given moment greater than the ones of the corresponding moments of F 1 , F 2 and g 1 .
To complete the connection with the continuum physics as in Eq. (24), we need also the 1-loop results for the same matrix elements in the continuum MS scheme, which are given by 
For β = 6.0, µ = 1/a and N c = 3 one has
where we have also shown the corresponding Wilson results (see Eq. (42)). We remind that, although when µ = 1/a the logarithms disappear from the renormalization factors, for a general µ they are still present but they cancel then against the corresponding logarithms in the Wilson coefficients, as the moments Eq. (6) have to be independent of the renormalization scale (and all the scale dependency is in the logarithms).
The renormalization constants for overlap fermions reported here look in general large, especially when compared to the corresponding Wilson results, as shown in Eq. (39). However, if one looks at the overlap results for the proper diagrams (see for example Appendix B), one can notice that they are not so much different from Wilson fermions. In general, the biggest contribution to the renormalization constants comes from the operator tadpoles, but as they are exactly the same for overlap and Wilson fermions, it is not in these diagrams that the difference can be found. One instead has to look at the quark self-energy (see Appendix A). In the Feynman gauge, the leg self-energy in the overlap (for ρ = 1) is -37.63063, while for Wilson fermions is +11.85240; their difference is -49.48303, and it is remarkable how close this number comes to the differences between the complete finite contributions B O (defined in Eqs. (29) and (30)) for the two kinds of fermions, Eq. (38) vs. Eq. (42). If one would consider the overlap for ρ = 1.9, the difference between the self-energies would go from -49.48303 down to -26.80898; however, the quark propagator becomes singular for ρ = 2, so simulations would likely be more expensive when approaching this value of ρ.
Wilson fermions
The 1-loop contributions of the proper diagrams are in the Wilson case
The operator tadpoles are the same as in the overlap case (see Table 2 ). Adding the quark self-energy (appendix A), the complete renormalization factors are then 
We can see that for Wilson fermions the operators O d 1 , O d 2 and O d 3 are not multiplicatively renormalized. Each of them mixes with an operator which is one dimension lower [17] , and the corresponding mixing coefficients, which seem to be gauge-invariant, are proportional to r/a. Thus, these mixings would be zero for naive fermions, and they are akin to the Σ 0 term in the Wilson quark self-energy, which is responsible for the additive renormalization of quark masses when they are not anymore protected by chirality. In fact, the lower-dimensional operators above are all mass terms of the form (19) 
, and the numbers for β = 6.0, µ = 1/a and N c = 3 are given in Eq. (39). We have not included here
as their renormalization involves mixing coefficients that diverge in the limit of zero lattice spacing, and as such it is of no use to compute the connection to MS for these operators in perturbation theory with Wilson fermions.
Overlap fermions are one of the most promising formulations for putting chiral fermions on the lattice and for studying long-standing problems linked with chirality. In this paper we have computed the renormalization constants of the lowest moments of various structure functions which give a complete description of the quark momentum and spin at leading twist. We have computed these constants also with Wilson fermions, since the renormalization of many of these operators had never before been computed on the lattice. Chiral symmetry plays an important role in the structure of the strong radiative corrections. In particular, the overlap is the only case in which it has yet been demonstrated that all the operators we have considered are multiplicatively renormalized.
The numbers presented here are also valid in the unquenched case if one deals with flavor non-singlet quark operators, which do not mix with gluon operators and for which internal quark loops never have the chance to come to play at 1-loop level. However, the numbers for the transversity operators can be considered unquenched also for flavor singlet quark operators, since there are no gluon operators with the same quantum numbers.
We remind again that all the renormalization constants presented in this paper are already fully O(a) improved in the overlap case. In the Wilson case removing all order a effects would instead involve a great amount of additional calculations.
With overlap fermions 1-loop corrections are substantially larger than for Wilson fermions, with the primary contribution arising from quark self-energies. This is an important physical effect that should be understood, and may ultimately suggest an appropriate form of resummation or tadpole improvement. Results for the quark self-energy with overlap fermions, where we have used the abbreviation ξ = 1− α. The first column (non-tadpole self-energy) refers to diagram e (or f) in Fig. 1 , and the second column (leg tadpole) refers to diagram g (or h).
A Quark self-energy
In this appendix we report the results of 1-loop calculations regarding the contribution proportional to ip / of the quark self-energy, also known as Σ 1 . This corresponds to the diagrams e (or f) and g (or h) in Fig. 1 , and is necessary for the calculation of the renormalization constants of the operators considered in this work. where the Feynman-gauge finite results S α=1 are given in the last column of Table A .1 (in which we have used the abbreviation ξ = 1 − α), which also contains the results of the individual diagrams. For the total self-energy (but not for the individual diagrams) the finite part proportional to (1 − α) is independent of the ρ parameter, and even of the fermion action used. In fact this number comes from integrals which have only gluonic propagators, and is given by F 0 − γ E + 1 = 4.792009568973 · · · [9] .
In the Wilson case, the value of the leg self-energy (including the tadpole) is 
B Results of the individual diagrams
In this appendix we give the results for the finite parts of the proper diagrams: the vertex (diagram a in Fig. 1 ), the sails (diagrams b plus c) and the operator tadpole (diagram d). We have used the abbreviation ξ = 1 − α. diagrams. An exception to this are the O dn operators and the quark self-energy, and these are also the same cases for which with Wilson fermions there is a 1-loop mixing with a 1/a divergent coefficient, while with overlap fermions such mixings are forbidden by chiral symmetry.
